DYNAMICAL LORENTZ SYMMETRY BREAKING 
FROM 3+1 AXION-WESS-ZUMINO MODEL 



A. A. Andrianov °> 

Department of Theoretical Physics, 
Sankt-Petersburg State University, 
198904 Sankt-Petersburg, Russia 
and 

Departament d'Estructura i Constituents de la Materia 
Universitat de Barcelona 
Diagonal, 647, 08028 Barcelona, Spain 

R. Soldati b 

Dipartimento di Fisica "A. Righi", Universita di Bologna and Istituto Nazionale 
di Fisica Nucleare, Sezione di Bologna, 40126 Bologna, Italia 

L. Sorbo » 

International School for Advanced Studies 
34013 Trieste, Italia 



DFUB-98-12 June 98 



^ e-mail: andrian@snoopy.phys.spbu.ru 
b e-mail: soldati@bo.infn.it 
" e-mail: sorbo@sissa.it 



1 



ABSTRACT 



We study the renormalizable abelian vector-field models in the presence of the Wess-Zumino 
interaction with the pseudoscalar matter. The renormalizability is achieved by supplement- 
ing the standard kinetic term of vector fields with higher derivatives. The appearance of 
fourth power of momentum in the vector-field propagator leads to the super -renormalizable 
theory in which the (3-function, the vector-field renormalization constant and the anoma- 
lous mass dimension are calculated exactly. It is shown that this model has the infrared 
stable fixed point and its low-energy limit is non-trivial. The modified effective potential 
for the pseudoscalar matter leads to the possible occurrence of dynamical breaking of the 
Lorentz symmetry. This phenomenon is related to the modification of Electrodynamics by 
means of the Chern-Simons (CS) interaction polarized along a constant CS vector. Its 
presence makes the vacuum optically active that has been recently estimated from astro- 
physical data. We examine two possibilities for the CS vector to be time-like or space-like, 
under the assumption that it originates from v.e.v. of some pseudoscalar matter and show 
that only the latter one is consistent in the framework of the AWZ model, because a time- 
like CS vector makes the vacuum unstable under pairs creation of tachyonic photon modes 
with the finite vacuum decay rate. 
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1. Introduction. 

The possible occurrence of a very small deviation from the Lorentz covariance has 
been considered and discussed some time ago [1] , within the context of the Higgs sector of 
spontaneously broken gauge theories. There, some "background" or " cosmological" field 
is generated, leading to the above mentioned possible small deviations from the Lorentz 
covariance, within the present experimental limits. 

Later on another possibility has been explored to obtain a Lorentz- and parity- 
violating modification of quantum electrodynamics, by means of addition of a Chern- 
Simons lagrangean [2]. Quite recently, Coleman and Glashow [3] have discussed how 
Lorentz non-invariant velocity differences among neutrinos could produce characteristic 
flavour oscillations in accelerators and solar neutrino fluxes. 

In all the above investigations, the Lorentz symmetry breaking (LSB) has been treated 
phenomenologically by means of some very small but explicit Lorentz non-invariant terms 
which have a clear physical meaning in a privileged frame. Then, of course, the dynamical 
(and presumably quantum) origin of possible LSB represents an interesting problem to be 
tackled. 

One of the possible ways to induce LSB by a dynamical mechanism has been recently 
argued in the 3+1 dimensional case [4]. Namely, the spontaneous breaking of the Lorentz 
symmetry via the Coleman- Weinberg mechanism [5] has been revealed for a class of models 
with the Wess-Zumino interaction between abelian gauge fields and pseudoscalar axion 
(AWZ models). 

The original motivation for studying AWZ models was to use them in resolving the 
old-standing conflict between perturbative renormalizability and unitarity, within the con- 
text of the gauge invariant quantization of 3+1 dimensional abelian gauge models in the 
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presence of the £/"(l)-chiral anomaly [6]. 

As a matter of fact, it has been suggested some time ago [7] that gauge theories 
in the presence of chiral anomalies could be consistently quantized after integration over 
the gauge orbits and the introduction of suitable Wess-Zumino fields. Although this idea 
has been successfully implemented in low dimensions [8], [9], its application to the 3+1 
dimensional case is still to be achieved, even within the standard covariant perturbative 
approach [6], [10]. 

For lower-dimensional theories the LSB phenomenon has been observed by Hosotani 
in a series of papers [11]. He has found that in 2+1 dimensional Chern-Simons gauge 
field theories coupled to Dirac fermions a spontaneous magnetization arises, leading to the 
breaking of 0(2, 1) symmetry. This remarkable effect might be also related to the breaking 
of chiral symmetry, i.e. to the generation of a dynamical mass for fermions [12], [13]. 

In the present paper we continue our exploration of LSB by dynamical mechanisms and 
study it in more details in the renormalizable model for the abelian vector-field interacting 
with the pseudoscalar axion matter. 

The Wess-Zumino interaction in this model may be understood as generated by quan- 
tum effects due to coupling to fermions. For instance, one can start from the above men- 
tioned anomalous gauge model with the lagrangean density which describes the coupling 
of chiral fermions to an abelian gauge field A M , 

£ [A M , V, $ = {ify + eA^P L } V> - m^V , (1-1) 

where Pl = (1/2)(1 — 75). After fermion quantization it leads to the chiral anomaly, 
thereby breaking the classical invariance under local gauge transformations of the left 
chiral sector and making the serious obstruction to derive a unitary and renormalizable 
gauge theory. This barring is essentially induced by the coupling to longitudinal part of 
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gauge potential, that is in turn described by the Wess-Zumino interaction in the following 
sense. If we rewrite the gauge potential in eq. (1.1) as 

A,{x) = Ai(x) + Al(x) = (S£ - ?^Pj A v {x) + d, X (x) , (1.2) 

it is well known that integration over fermion fields drives from the classical lagrangean 
density (1.1) - in the limit when the mass m can be disregarded - to the quantum effective 
lagrangean 

£eff = -^XF^ + C^Aft , (1.3) 

where the last term indicates the gauge invariant non-anomalous part. Furthermore, it is 
also evident that the gauge invariant part of the effective lagrangean (1.3) is sub-leading 
within the low momenta regime we are here dealing with, as its quadratic part can always 
be re-absorbed into renormalization of photon wave function (see below), whereas the 
quartic term is of the order a 2 [(k/ /Uir) ln(/c//iiR,)] 4 , k and /xir being the low energy photon 
momentum and normalization scale respectively. 

When the gauge fields are massless, i.e. photons, a more realistic model providing at 
low energies the Wess-Zumino interaction of (1.3) type is QED with the additional Yukawa 
coupling to a scalar chiral field: 

£ [^,^,^] = ^ {id^ + eA^tf; -mt(jexp(2i l5 Yx)^ , (1.4) 

where Y stands for the hypercharge of (charged) fermions. In turn this lagrangean may 
arise as a low-energy part of the Higgs field model or of a theory with dynamically gen- 
erated fermion masses. After fermion quantization the corresponding effective action at 
low momenta or for heavy fermions yields the pertinent Wess-Zumino vertex as a main 
contribution. 
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It can be shown as well - see the Appendix - that, in the limit of small gauge particle 
momenta, quadratic kinetic terms for the fields x an d X are al so generated by quantum 
effects. To sum up, the low momenta regime of the abelian chiral gauge theory (1.1) or QED 
with the "chiral mass" term (1.4) is faithfully described by the following non-renormalizable 
effective lagrangean density: namely, 

Ces[6, Ffu>] = -\F^F»» + ^0F^F»» + \d^9 , (1.5) 

in which we have set 9 = M%, standing for a pseudoscalar axion-like field, M is some 
reference mass scale, while k is the dimensionless WZ coupling parameter of the order 
OL^fo. in the case of the chiral gauge model (1.1) or aY for QED with chiral mass term, a 
being the fine structure constant. 

This latter model may also have a different origin, the pseudoscalar field being a 
scalar gravitational [14] or quintessence field [15] or even associated to the torsion field of 
a particular [16], divergenceless type: T^ ua = € fJiUap d p x(x); d^T^a- = 0. 

Phenomenologically the overall inverse coupling of pseudoscalar particles to photons 
is actually constrained from laboratory experiments, as well as from astrophysical and 
cosmological observations [17] to be more than 10 12 GeV: namely, we can reasonably 
suppose our reference mass M to be of the same very large order of magnitude when we 
remain within the perturbation approach. 

On the other hand, one of the aims of the present paper is to show that the effective 
lagrangean (1.5), which describes quantum effects of the abelian anomalous gauge theory 
or QED with chiral mass interaction, at small momenta p such that (p/M) <C 1, can lead 
to the dynamical breaking of the Lorentz symmetry, the non-perturbative phenomenon 
which changes drastically the photon spectrum and induces the birefringence of photons 
with opposite helicities. In this regime the pseudoscalar field loses time derivatives in the 
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kinetic term (when treated in the static frame) and therefore cannot describe a propagating 
particle, thereby making the bounds from [17] inapplicable. 

The paper is organized as follows. In Section 2 the renormalizable version of the 
abelian AWZ model is implemented with the help of higher derivatives in the kinetic 
term for photons. The remaining divergences are analyzed, the j3 function and anomalous 
dimensions are exactly calculated. It is proven within the perturbation theory that the 
ghost-like vector-field degrees of freedom decouple at small momenta and the model is 
infrared stable and non-trivial at low energies. 

In Section 3 the one-photon-loop effective potential for axion field is derived in the 
renormalizable AWZ model by employing the ^-function technique [18], [19]. This effective 
potential is shown to possess a minimum at non-zero values of <9 M 6> for large values of 
normalization scale, i.e. in the strong coupling regime. 

This phenomenon of axion field condensation leads to the Lorentz symmetry breaking, 
whose consequences for the photon spectrum are examined in Section 4. In particular, it 
is elucidated that the tachyon modes appear in the photon spectrum [2] and photons of 
different helicities propagate with different phase velocities which leads to the birefringence 
of arbitrarily polarized photon waves. The instability of the Fock vacuum arises if v.e.v. of 
d^Q is a time-like vector, whereas for the space-like one the consistent LSB may be induced 
by infrared radiative effects. 

In our Conclusion the perturbation theory in the symmetry broken phase is shortly 
outlined and the propagators for distorted photons is obtained. 

2. Renormalizable Axion- Wess-Zumino model. 

The renormalizable abelian vector-field model (in the euclidean space) we consider is 
described by the lagrangean density which contains the Wess-Zumino coupling of pseu- 
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doscalar axion and abelian gauge field, as well as higher derivative kinetic term for the 
abelian gauge field: 

Cawz = j^dpF^dpF^ + -F^ U F^ U + —{d^A^f ^ 

+ \d,ed,e - iJ^BF^P^ , 

where F pv = (l/2)e^ vpcr F pa , some suitable dimensional scale M is introduced, k and £ 
being the dimensionless coupling and gauge fixing parameters respectively. 

The Wess-Zumino interaction can be equivalently represented in the following form, 

\ d " X ^M d F ^ = ~ J d ' X Jl d » 9A » P ^ ' ^ 
at the level of the classical action. Therefore the pseudoscalar field is involved into the 
dynamics only through its gradient d^9(x) due to topological triviality of abelian vector 
fields. 

From the above lagrangean it is easy to derive the Feynman rules: namely, the free 
vector field propagator reads 



« = - tf i^S) + ?f' (2 ' 3) 



with d pv {p) = —5^ u + (p^Pu/p 2 ) being the transversal projector; the free axion propagator 
is the usual D(p) = (f» 2 ) -1 and the axion- vector- vector WZ vertex turns out to be given 
by 

y^uip, 9, r) = -i(K/M)e liVpa p p q a , (p + q + r = 0) (2.4) 

all momenta being incoming, r being axion's momentum. It is worthwhile to recall that 
the Fock space of asymptotic states, in the minkowskian formulation of the present model, 
exhibits an indefinite metric structure. Actually, from the algebraic identity 

M 2 1 1 

p 2 (p 2 + M 2 ) = p 2 p 2 +M 2 ' 



it appears that negative norm states are generated by the asymptotic vector field transver- 
sal component with ghost-mass M; in addition, the longitudinal component of the asymp- 
totic vector field also gives rise to negative norm states. 

Now let us develop the power counting analysis of the superficial degree of divergence 
within the model. The number of loops is as usual L = I v + I s — V + 1, being 
the number of vector (scalar) internal lines and V the number of vertices. Next we have 
2V = 2I V + E v and V = 2I S + E s , where E v ^ is the number of vector (scalar) external 
lines. As a consequence the overall UV behaviour of a graph G is provided by 

u(G) = 4L - 4I V - 21 a + 2V - E s - E v = 4 - 2E V - E s - 21 v + 2I S , (2.5) 



and therefrom we see that the only divergent graph corresponds to I s 



1, L 



0, E v = 2 and it turns out to be the one loop vector self-energy 1 . Thus we conclude that 
the model is super-renormalizable. We notice that the number of external vector lines has 
to be even. The computation of the divergent self-energy can be done using dimensional 
regularization (in 2uj dimensional euclidean space) and gives 



n#(p) = ^(p) + n<!Kp), 



(2.6) 



with e = 2 — ui, g = (k 2 /4tv), while the finite part reads 



n £(p) = " T^rP'dxM x \ ln-^ - ^(2) + ~- 



9 „2 



16tt 



M 



2 r 



3p 2 

n.2 



P 



3M 2 



1 - 
1 - 



p 2 + M 5 

p 2 + M 2 
p 2 



In | 1 + 



1 + P2 + M2 ln(l+ P 



M 2 



V 

M 2 

h, I i + P) +ln V 



M 2 



M 2 



(2.7) 



1 Actually, the tadpole E s = I v = 1, I s = indeed vanishes owing to the tensorial 
structure of the AWZ- vertex 
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where fi denotes as usual the mass parameter in the dimensional regularization. It follows 
therefore that the single countergraph to be added, in order to make finite the whole set 
of proper vertices, is provided by the 2-point 1PI structure 



1 „ ( M 
+ F 1 e 



r2 



(2.8) 



e 1 \ ' 4n/j 2 

in which Fi denotes the scheme-dependent finite part (when e — > 0) of the countergraph. 
As a result it is clear that we can write the renormalized lagrangian in the forms 

Aren) _ 1 g ^(0)3 p(0) , lp(0)p(0) , J_/n 4(0)x2 

l awz — 4M 2 10 p p ^ 4 A*" + 2^o 



i Z 1 < 

d pF^yd pF^ v -\- —Fp iiV Fp LV -f- — — (c^A^) 



(2.9) 



4M 2 4 2£ 

+ - i^^OF^ , 

where, due to super-renormalizability, the exact wave function renormalization constant Z 
is provided by 

z = c (s>^ e ) + 7 c i(^) ; ( 2 - 10 ) 

here we can write, up to the one loop approximation, 

co(^— ;e) = 1 - -Jl-F 1 (e,— ) + 0(g 2 ) , 

(2-11) 



/it / 16/T \ 4^^ 



ci(^) = 



16tt 

Moreover the relationships between bare and renormalized quantities turn out to be the 
following: namely, 

4°) = yfZAp , (2.12a) 

M = \[ZM , (2.126) 

£ = Zi , (2.12c) 

ko = 90 = I • (2.12.d) 
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In particular, from the Laurent expansion of eq. (2.12d), we can write 

K = a ^k, ~~; e ^ + ^ai(^) , (2.13) 

with 



ai(«) 



(2.14) 



1287T 2 ' 

This entails that, within this model, we can solve the renormalization group equations 
(RGE) in the minimal subtraction (MS) scheme F\ = 0: namely, 

d d 
Li— = —en — aAn) + k— aAn) , (2-15) 
6[i an 

to get the exact MS prescription /^-function 

m = ^ . (2.16) 

telling us, as expected, that g = is an IR stable fixed point. It follows that we can 
integrate eq. (2.15) and determine the running coupling exact behaviour 

M = 1 - [ 9 M/8n] ln(^o) ' (2 ' 17) 
Furthermore, always from eq.s (2.12a-d) and within the MS prescription, it is straightfor- 
ward to recognize the remaining RG coefficients to be 

1 <91nM 2 g 

7M " 2^^r = -i6^ ' (2 - 18a) 

In conclusion, we are able to summarize the asymptotic behaviour of the ghost-mass pa- 
rameter M and of the gauge-fixing parameter £ at large distances, where perturbation 
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theory is reliable in the model we are considering and within the MS renormalization 
scheme. Actually, if we set s = (/u/^o), we can easily derive 



i *->o ,, g 



Ins 



M(s;M,g) = M^l-^lna ~ M^/^— , (2.196) 

= ^ + ln ( 1 -^) s ~° ^+ 21n (£i lns i) ' ( 2 - 19c ) 

showing that longitudinal as well as ghost-like transverse vector field degrees of freedom 
decouple at small momenta where perturbation theory has to be trusted. Owing to this 
asymptotic decoupling of negative norm states, within the domain of validity of perturba- 
tion theory, the present super-renormalizable model might be referred to as asymptotically 
unitary. 

Now, since eq. (2.17) holds exactly within the MS renormalization prescription, it is 
important to analyze the matter of triviality in the present model. First of all it is worth- 
while to notice, taking eq.s (2.12b,d) into account, that the quantity kqMq = kM = 4nM inv 
is a RG-invariant mass parameter. Furthermore, it is useful to rewrite the renormalized 
lagrangean in the form 

^awz = A T7 2 ^pF^dpF^ + —F^vFpv + — (<9 M A M ) 2 

4M 4 ^ (2.20) 

+ ld,9d,e - ^^-of^f^J. 



Remembering that in the MS scheme we have the following relationships: namely, 

90(e) = Zm 1 s 9ms{h) = : 7^4^ 1 , (2-21) 

where <7ms(/-0 is given by eq. (2.17), we are indeed allowed to specify arbitrarily the mass 
Mi nY (e), which turns out to be some free mass parameter, analytic when e — > 0, in the 
present model. 
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Now, let us suppose e > 0, go(e) < 1 (~ 10~ 2 e.g.); when <7ms(a0 = 167re > 0, then 
eq. (2.21) can no longer be fulfilled unless <7ms(a0 = 9o( e ) = 0, V/i > 0. On the other hand, 
this situation does not entail triviality of the model as we can always choose M inv — > in 
such a way that the ratio [go(e)/Mi nv (e)] = (1/M*) ^ 0. As a consequence the non-trivial 
renormalized model is most suitably parametrized as follows: namely, 

r (ren) _ _P_fs rp pi TP _l_ ^ifi F P i J_ /I ^2 

4M * . 4 ^ (2.22) 

in terms of the free RG-invariant mass M* and of the unitarity violation running parameter 
p = (M^/M 2 ), which asymptotically vanishes at large distances as already stressed. We 
notice that it is just the above RG-invariant free mass that has to be eventually identified 
with the "physical value" M* > 10 12 GeV, as discussed in Ref. [17]. However, it is impor- 
tant to gather that what has been discussed in the present section is actually pertinent to 
the unbroken Lorentz covariant phase. As a matter of fact, we shall see in the next section 
that quantum radiative effects may lead, in the present model, to the onset of another 
phase in which Lorentz symmetry appears to be dynamically broken and a non-trivial 
v.e.v. for the quantity d^9 arises. 

3. Effective potential. 

We are ready now to investigate a further interesting feature of this simple but non 
trivial model: the occurrence of the spontaneous breaking at the quantum level of the 
5'0(4)-symmetry in the euclidean version, or the 0(3, 1) ++ space-time symmetry in the 
minkowskian case. As a matter of fact, we shall see in the following that the effective po- 
tential for the pseudoscalar axion field 6 may exhibit nontrivial minima and, consequently, 
some privileged direction has to be fixed by boundary conditions, in order to specify the 
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true vacuum of the model. More interesting, those non trivial minima lie within the per- 
turbative domain. Since we are looking for the effective potential of the pseudoscalar field, 
we are allowed to ignore the renormalization constant Z(e) in eq. (2.22) and restart from 
the classical action in four dimensions. 

The axion background field generating functional is defined as 



Z[0] = AT' 1 J[VA^] exp{-AAwz[A„,0]}; 
A A wz[A^,9] = J d 4 x(C A wz - A^J^) , 



(3.1) 



where we have included the photon coupling to (external) matter sources J M . The classical 
field configurations A^(x) are the solutions of the Euler-Lagrange equations 

SA AWZ [A„e] = KAe]Ux) = Jm; (3 _ 2) 



SA^x) 



with (A = d^) 



i (3-3) 
- gdpdv - — ex tl<7U dx9(x)(-id <T ) , 

being an elliptic invertible local differential operator. After integrating over photon fluc- 
tuations A fI (x) — A fI (x) we eventually obtain 

Z[6] = Af-'expi-AAwziA^e)} x (det || JC^{6] ||)" 1/2 , (3.4) 

with J\f = Z[9 = 0] and where the dimensionless operator has been introduced: namely, 

K KV [6] = [i- 2 K KV \e\ 

2 
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where we have set 



T MZ , = 6^ - , (3.6a) 



V = ^ , (3.66) 
= , (3-7) 

in which fx represents the subtraction point, i.e. the momentum scale at which the effective 
action is defined, whose actual value is constrained by physical requirements as we shall 
see below. 

We want to evaluate the determinant into eq. (3.4) for constant vector r? M ; to this aim 
we can rewrite the relevant operator into the form 

KkM s ^{_ Tk „( 1 _^)_^} + £^Z), (3 .8) 

with 

£»v(v) = -2e»v\*V\(-id*) • (3-9) 
From the conjugation property 

(*V = , (3-10) 

it follows that 

= m-v]),„ , (3.ii) 

which shows that the the relevant operator is normal. As a consequence, after compactifica- 
tion of the euclidean space, we can safely define its complex power [18] and its determinant 
[19] by means of the (^-function technique: namely, 

detH/CMH = (det||/Cfo];Ctfo]||) 1/2 



" eX ^-^ CH(s;r/) 



15 



(3.12) 

s=0 



where we have set 2 



(H[V])»„ = Ml]),* , (3-13) 

Ch(s;v) = ?r(H[v])~ S • (3-14) 

Going into the momentum representation, it is easy to obtain from eq. (3.13) the Fourier 
transform of our relevant operator: namely, 

in terms of the projectors 

tuv = <V - , (3.16a) 

W = ^ , (3.166) 
e M „ = {e 2 (p;??)} M! , 

= {v . p) 2 _ V 2 p 2 (Vv + w + ^-Jr- S ^ - + w)} ; (3.i6c) 

notice that the following properties hold 

e^Pz, = = , e^ u t u \ = . (3.17) 

Taking all those definitions and properties carefully into account, it is straightforward to 
rewrite the relevant operator according to the orthogonal decomposition as follows 

H\p;rf[ = H (p){ld 4 -e 2 (p;r ] ) + e 2 (p;r ] )R\p;r 1 }} , (3.18) 



in which 



(^L = fe) t - + ?'-} ■ (3l9) 



2 The same regularized determinant is obtained by considering H'[rj\ = /C" 1 " [77] /C [77] . 
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while the projector e 2 (p;t]) onto a two-dimensional subspace fulfils 



tre 2 (p; V ) = 2 , e 2 (p; V = 0) = , (3.21) 

where tr means contraction over four-vector indices. 

As a consequence, from eq.s (3.4) and (3.12), we can write eventually 

z Viv\ = exp{-AAwz[A,rj\ +A A wz[A ) r] = 0]} 

( det\\H (ld 4 -e 2 + e 2 R(r ] ))\\ \- 1/ * (3-22) 
X I det||JET || J 

here H and R(rj) stand, obviously, for the integro-differential operators whose Fourier 

transforms are given by eq.s (3.19a-b) respectively. 

We can definitely obtain 



W[ty*>p] = - lnZ[ri^,p] =Aawz[A,ti,p] - A A wz[A : r) = p = 0] 



(3.23) 



in which 



a( S ;r 7 ,p) = 2(vol) 4 ^ J ^ 4 ^ ^ + + H(v ' p) 2 ~ vV)^ , (3.24) 

while, obviously, Ch (s) = Ch(s; rj = p = 0). The effective potential for constant ?y M appears 
eventually to be expressed as 

v-Cp) - ^MW - ^ = M,,) - ^a„(> = 0)} , (3.25) 

and therefore we have to carefully compute the integral in eq. (3.24). To this aim, it is 
convenient to select a coordinate system in which 



= (p,P4) , P4 = ^7= , (3.26) 
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in such a way that, after rescaling variables as x = (p/V), y = {pa/ n), we obtain 
, < , V(vol) 4 

poo poo n V / 

y ^ r 5 - 1 y ^ y ^ exp {- r (x 2 + y 2 f (1 + e ( X 2 + v 2 )) 2 + ™ 2 x 2 } , 

where £> = p(p/M*) 2 and i;^ = (2/p)i] u . A straightforward calculation leads eventually to 
the following integral representation 3 [20]: namely, 

( 2\2-2s roo f i-2 8 ( o 

a -Ha,- 1* ^—^ (r •< \ (1 _ ^ 

(3.28) 

Let us first analyze the case p = 0, which corresponds to the low-energy unitary 
regime; in this limit, the integration in the previous formula can be performed explicitly 
(1 < Res < (7/4)) to yield 

r 4/ ,n i i> / n (f 2 ) 2 " 2s 2 4s " 4 r[s - (l/2)]r[(7/2) - 2s] 

^ vo1 ^ a( ^^ = Q) = Wv^(73i) r[( 5 %-V • (3 - 29) 

In the present case p — > 0, the effective potential for constant within the ^-function 
regularization is given by 

v M (n,P = o) = \mW - = 0;v.p = o) 

5 U -> r / 7^ (3 ' 30) 

' az + z 2 I Inz + 



32tt 2 [ V 30 

where a = (16w 2 M 2 /hp?) and z = (v u v v /4) = r\ v r\ v j ' p 2 . We can easily check that the 

stable (3(4)-degenerate non-trivial minima appear for a < a CT = exp{ — (37/30)} ~ 0.2913. 

Notice that the latter interval of values of a just corresponds to p > 10. 4M*. 

It follows thereof that, for < a < a cr , the corresponding symmetry breaking values 

fulfil 

11 . 

zo > z S b > z CT , z = exp{- — } ~ 0.480 , z cr = a . (3.31) 

lb 



3 We notice that, from the integral representation (3.28) for Res < 1, it turns out that 
Ch (s) is regularized to zero. 

18 



We remark that the above result, within the (- function regularization, actually reproduces 
our previous calculation [4] using large momenta cutoff regularization. To be more precise, 
eq. (3.30) indeed corresponds to a specific choice of the subtraction terms in the large 
momenta cutoff method, something we could call minimal subtraction for the effective 
potential. 4 

It is eventually very interesting to study the dependence of the symmetry breaking 
value zsb upon the parameter p, which measures the departure of the model from unitarity. 
To this aim, it is necessary to come back to the general expression of eq. (3.28) and to 
make use of the Mellin-Barnes transform for the confluent hypergeometric function [20]. 
The result eventually reads 

I f v 2\2-2s 

[/(vok)]- 1 ^;^) = 47r2 ^ r(g) x 

^ {QV } T(2 + n)T(2s + 2n) + ( 3 - 32 ) 

Y^tDl( *\n r ( 2 -s + n)T(n-2s + |) T(2s - 2 - n)T(4 - 2s + 3n) 
^ n\ [QV ' r(4 - 2s + ra)r(4 - 2s + 2n) 

namely, a convergent power series for gv 2 < (4/27), with (1/2) < Res < (7/4). As a check, 
we notice that, when 1 < Res < (7/4), it is possible to set p — > in the previous formula: 
in so doing eq. (3.29) is indeed recovered. 

It would be possible, now, to study the behavior of V e ff(rj, p) up to any order in 
p. Nonetheless, a first indication on the shift of the true minima, in the renormalizable 
non-unitary model, is clearly given already at the first order. It reads: 

Veff fa, p) = ^ Lz + z 2 (inz + ^ + Ugz\nz+ 7 -^gz) + 0(g 2 ) ) . (3.33) 



4 We recall that, in general, the (^-regularized functional determinant of elliptic invertible 
normal operators is defined up to local polynomials of the background fields. 
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In the present case non-trivial minima appear for 




(3.34) 



whose corresponding values are between 

zo(q) > z S b(q) > Zcr(Q) , 
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. ~ 0.2913 + 0.905^ . 
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+ 0(g 2 ) ~ 0.480 + 0.231 g , 



(3.35) 



It appears therefore that, within the renormalizable but non-unitary regime, the dy- 
namical breaking of the 0(4) symmetry is enhanced with respect to the unitary limit 
p — > 0. The persistence of a non-vanishing v.e.v. of the operator <9 M 6> for any p is a quite 
unexpected result and, thereby, indeed remarkable. As a matter of fact, the renormaliz- 
able and/or unitary formulations have, in general, radically different behaviors [6], [10]. 
The possible occurrence of the dynamical symmetry breaking for any non-vanishing p 
(renormalizable model), which remains there in the limit p — > (unitary model), actually 
unravels that this feature has a deep meaning closely connected to infrared properties of 
the Wess-Zumino interaction to massless photons, i.e. to the presence of the chiral local 
[/(l)-anomaly. 

4. Lorentz symmetry breaking in QED due to CPT-odd interaction 

In Electrodynamics, when one retains its fundamental character provided by the renor- 
malizability, it is conceivable to have LSB in the 3+1 dimensional Minkowski space-time 
by the (C)PT-odd Chern-Simons (CS) coupling of photons to the vacuum [2] mediated by 
a constant CS vector rj^ ( Carroll-Field- Jackiw model) 5 : 



(4.1) 



5 We notice that our constant vector ?? M is denoted as in Ref. [2] 
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One can guess that the CS vector ?? M originates from v.e.v. of the gradient of axion field 9 
in the AWZ model (2.22) : {d lx 6{x)) Q = M^ M . 

This supplement to Electrodynamics does not break the gauge symmetry of the action 
but splits the dispersion relations for different photon helicities [2]. As a consequence the 
linearly polarized photons exhibit the birefringence when they propagate in the vacuum, 
i.e. the rotation of the polarization direction depending on the distance. 

If the vector is time-like, rf > 0, then this observable effect is isotropic in the 
preferred frame (presumably, the Rest Frame of the Universe where the cosmic microwave 
background radiation is maximally isotropic), since ?? M = (770, 0,0,0). However it is es- 
sentially anisotropic for space-like rf < 0. The first possibility was thoroughly exam- 
ined [2], [22] resulting in the bound: 1 770 1 < 10~ 33 ey ~ 10~ 28 cm _1 . Last year new 
compilation of data on polarization rotation of photons from remote radio galaxies was 
presented [21] and it was argued that the space anisotropy with ~ (0, ff) of order 
\ff\ ~ 10~ 32 eV ~ 10~ 27 cm _1 exists. However the disputes about the confidence level of 
their result [23] have make it clear that this effect still needs a better confirmation. 

We can use now the effective potential derived in the previous section and conclude 
that the time-like pattern for the CS interaction is intrinsically inconsistent as it is accom- 
panied by the creation of tachyonic photon modes 6 from the vacuum, i.e. such a vacuum 
is unstable under the QED radiative effects [24] . On the contrary, the space-like anisotropy 
carrying CS vector does not generate any vacuum instability and may be naturally induced 
[4] by a Coleman- Weinberg mechanism [5] in any scale invariant scenario where the CS 
vector is related to v.e.v. of the gradient of a pseudoscalar field. 

Indeed let us analyze the photon energy spectrum which can be derived from the wave 

6 The presence of tachyonic modes in the photon spectrum was mentioned in [2] . 
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equations on the gauge potential A^(p) in the momentum representation: 

(pV + Q - l) + 2ie^ x ° Vx p^ A v = -K» v [ri\A v = 0, (4.2) 

where K^ u [rj\ is given (in Euclidean notations) by (3.3) and we put p = focusing ourselves 
on the infrared part of photon spectrum. 

It is evident that the CS interaction changes the spectrum only in the polarization 
hyper-plane orthogonal to the momentum p^ and the CS vector r\ v . The relevant projector 
on this plane is e MZ , = {e 2 (p; v)}^ described in (3.16c). After employing the notation 
(3.9a), E* v = 2ie^ Xa i]xPa, one can prove that 7 

e 2 = ^; N = 4(fa.p) 2 -»7y), (4.3) 

and S ■ e 2 = £. Respectively, one can unravel the energy spectrum of the wave equation 
(4.2) in terms of two polarizations of different helicity: 



(4.4) 



e L ,n = \ (e 2 ± ; £■ e L , R = ±VNP L , R . 

Then the dispersion relation can be read out of the equation: 

(p 2 ) 2 +Arj 2 p 2 -A(r]-p) 2 = 0. (4.5) 

From eq. (4.5) one obtains the different physical properties depending on whether rj 2 is 
time-, light- or space-like. 

If rj 2 > one can examine photon properties in the rest frame for the CS vector 
Vfj- = (VOi 0, 0, 0). Then the dispersion relation, 

(po) 2 ± =f±2\ Vo \\p\, (4.6) 



7 In what follows the matrix product is provided by contraction with g^ v . 
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shows that the upper type of solutions can be interpreted as describing massless states 
because their energies vanish for p = . Meanwhile the lower type of distorted photons 
behave as tachyons [2] with a real energy for \p\ > 2\r)o\ (when their phase velocity are 
taken into account) . There are also static solutions withpo = -v^ \p\ = 2 j 770 1 and unstable 
solutions (tachyons) with a negative imaginary energy for \p\ < 2\r] \. 

For light-like CS vectors, rf = 0, one deals with conventional photons of shifted 
energy-momentum spectra for different polarizations: 

(p ±Vo) 2 = (p±v) 2 - (4-7) 

If the CS vector is space-like, rf < 0, the photon spectrum is more transparent in the 
static frame where rj^ = (0,if). The corresponding dispersion relation reads: 

(Po)± =f + 2rf ±2^/WTWW- (4-8) 

It can be checked that in this case p 2 , > for all p and neither static nor unstable tachyonic 
modes do actually arise. The upper type of solution describes the massive particle with a 
mass m+ = 2\ff\ for small space momenta \p\ <C \fj\. The lower type of solutions represents 
a massless state as po — > for \p\ — > 0. It might also exhibit the acausal behavior when 
P^P^ < but, even in this case p\ > for all p, so that the unstable tachyonic modes never 
arise. 

In a general frame, for high momenta \p\ 3> \ff\, \po\ ^> t]q, one obtains the relation: 

|po| - |p| - ±(Vo - \rf\ cosip), (4.9) 

where (f is an angle between if and p. Hence, for a given photon frequency po, the phase 
shift induced by the difference between wave vectors of opposite helicities does not depend 
upon this frequency. Moreover the linearly polarized waves - a combination of left- and 
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right-handed ones - reveal the birefringence phenomenon of rotation of polarization axis 
with the distance [2]. 

Let us now examine the radiative effects induced by the emission of distorted photons. 
In principle the energy and momentum conservation allows for pairs of tachyons to be 
created from the vacuum due to the CS interaction. Thereby in any model where the CS 
vector plays a dynamical role, being related to the condensate of a matter field, one may 
expect that, owing to tachyon pairs creation, the asymptotic Fock's vacuum state becomes 
unstable and transforming towards a true non-perturbative state without tachyonic photon 
modes. But if we inherit the causal prescription for propagating physical waves, then the 
physical states are assigned to possess the non-negative energy sign. As a consequence 
the tachyon pairs can be created out of the vacuum only if rf > 0. In particular, the 
static waves with p = <^ \p\ = 2\t] \ are well produced to destroy the vacuum state. 
On the contrary, for rf < the causal prescription for the energy sign together with the 
energy-momentum conservation prevent the vacuum state from photon pair emission. 

Thus the decay process holds when static and unstable tachyonic modes exist. Let us 
clarify this point with the help of the radiatively induced effective potential (3.25), (3.30) 
for the variable ?y M treated as an average value 8 of the gradient of a pseudoscalar field, 
Tj 2 = —z/j, 2 . In this case the infrared normalization scale /i = \f—r\ 2 ~Jz has to be of the 
order of 10~ 32 4- 10~ 33 ey in such a way to fit the Carrol-Field-Jackiw-Nodland-Ralston 
effect [2], [21]. 

One can see from eq. (3.30) that: 



It may be a mean value over large volume for slowly varying classical background 
field or, eventually, the v.e.v. for an axion-type field. 
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a) if rj 2 > 0, there appears an imaginary part for the vacuum energy, 

ImVeff = -^(^) 2 , (4.10) 

which characterizes the rate per unit volume of tachyon pairs production out of the vacuum 
state; 

b) for r/ 2 < the effective potential is real and has a maximum at r/ 2 = 0, whereas 
the true minima arise at non-zero space-like value rj 2 = —p 2 zsB from (3.31). 

We conclude that it is unlikely to have the Lorentz symmetry breaking by the CPT odd 
interaction (4.1) by means of a time-like CS vector preserving the rotational invariance in 
the ?y M rest frame. Rather intrinsically, the pseudoscalar matter interacting with photons 
has a tendency to condensate along a space-like direction. In turn, as we have seen, it 
leads to the photon mass formation. Of course, this effect of a Coleman- Weinberg type 
does not yield any explanation for the magnitude of the scale fi, which, however, is implied 
to be a physical infrared cutoff of a cosmological origin. Therefore its magnitude can be 
thought to be the inverse of the maximal photon wave length in the Universe: namely, 
A max = 1/a» - 10 27 cm. 

5. Conclusions: sketch of perturbation theory in LSB phase 

In the previous Section we have used the quasiclassical, one-photon-loop approach to 
argue for the existence of the phase with dynamical LSB. We remark that this phenomenon 
can be well realized in the perturbative low-energy domain provided that the values of 
involved free parameters fj,, M* and p are appropriately tuned according to eq.s (3.31) 
and (3.35). Thus in this feature the AWZ model is closely analogous to the second one - 
Abelian Higgs model - in the original Coleman- Weinberg paper [5] . 

The natural question arises about quantum fluctuations with respect to the LSB 
vacuum as well as about higher loop corrections. In order to reply it one should develop 
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the perturbation theory in the LSB phase. It can be built with the help of three basic 
ingredients: the photon propagator in the background of constant r/ M ; the AWZ vertex 
(2.2), (2.4), which remains unchanged, and the effective propagator for the 9 field, which 
should be derived from the second variation of the one- loop effective action W = — In Z[9] 
given by (3.23), in the vicinity of its LSB minimum. The latter definition implies that 
the calculation of photon-loop self-energy diagram is to be supplemented with a particular 
subtraction of that part which is borrowed by the effective 9 field propagator. 

Let us display the structure of distorted photon and 9 propagators. The photon 
propagator can be obtained ( in the limit p = 0) by setting 

<9 M = M*r/ M + <9 M tf (5.1) 

in the lagrangean (2.22) and subsequent inversion of the photon kinetic operator, namely: 

(~ 1 



K„ v = -9»vV + P^Pu + ^ {rfp a - p p rf) (5.2) 

in Minkowski space-time. The inversion can be easily performed by means of a decomposi- 
tion in terms of a suitable complete set of tensors: namely 

D»M = i (1 - -f^-, + \-9,uP 2 + 4^4^ 

(p 2 + ie) 2 A(p,7/) t p 2 + ie 

T) ■ p I 

+4VliVv - + ie WPP" +Pl* T lv) - ^^upaV P p a j , 

where 

A(p, rj) = A+ (p, 7/) A_ Op, n), A ± =p 2 -f- 2ff ± y^l 4 + (ff- pf + ie , (5.4) 

and the causal prescription for two poles is indicated. Herein, in order to make the pole 
structure of the above propagator more transparent, we have referred to the static frame 
where r/ M = (0, ff), according to eq. (4.8). 
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In turn the modified kinetic term for pseudoscalar field at low momenta is derived 
from the second variation of the effective potential (3.30) in terms of (5.1): 

^ \ J d 4 xd^(x)^0l-d^(x) = \ J Jx-J^ (V^(x)f . (5.5) 

This kinetic term does not correspond to a relativistic propagating particle as it does 
not contain time derivatives. This, of course, is a consequence of spontaneous LSB in 
accordance to the Goldstone theorem. The related "propagator" takes the following form: 

4.m 2 M 2 1 4in 2 M 2 d ( 1 \ 

^ 5 (77 ■ p) 2 5 d(r] ■ p) \Vp) ^ ^ 

where we adopted (as it customary [25]) the Cauchy Principal Value prescription for this 
space-like singularity. With this prescription, the emission of the $ field will never take 
place and thereby astrophysical bounds [17] are no longer applicable. One could guess that 
in space-time directions orthogonal to ry M radiatively induced higher derivative terms play 
essential role to restore a particle- or ghost-like dynamics. 

Formally with these propagators we do not change the power counting of Section 2 
for UV divergences and the UV renormalizability is still available. But with the (infrared) 
propagator" (5.6) one anticipates drastical changes in the (3 function and anomalous 
dimensions as both the divergent and finite parts of photon polarization function is no 
longer presented by eq.s (2.6) and (2.7). 

We conclude that, in contrast to spontaneous breaking of internal symmetries, LSB 
leads to substantial modification of the particle dynamics at low momenta up to disap- 
pearance of those particles which implement the Goldstone theorem. We postpone a more 
detailed development of the perturbation theory in the LSB phase and the discussion of 
higher-order loop effects to the next paper. 



27 



Acknowledgements. 

We are grateful to A. Bassetto for invaluable suggestions and to R.Tarrach for stimu- 
lating discussions. This work is supported by Italian grant MURST-quota 40%; A. A. is also 
supported by grants RFFI 96-01-00535, GRACENAS 6-19-97 and by Spanish Ministerio 
de Education y Cultura. 

Appendix. 

In this appendix we compute the fermion chiral determinant in the case of constant 
homogeneous gauge potential. In so doing, we shall be able to show that the low momenta 
effective action for the pseudoscalar axion (the longitudinal component of the gauge po- 
tential) exhibits a purely quadratic kinetic term. 

The classical action for a Dirac's fermion, in the Minkowski space-time, coupled with 
vector and axial-vector gauge potentials reads 



To our purpose, it is convenient to take the Weyl representation for the Dirac's matrices: 
namely, 



The effective action is nothing but - up to the factor (— i) - the logarithm of the 
determinant of the vector-axial-vector (VAV) Dirac's operator. Now, in order to have a 
well defined expression for such a quantity, it is necessary to make the transition to the 







where a 3 , j = 1, 2, 3, are the Pauli matrices, in such a way that 
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euclidean space, i.e. to perform the usual Wick's rotation, which leads to the following 
euclidean VAV Dirac's operator: namely, 

(W E ) = il^df, + im + e7 M (v^ + 7 5 a M ) , (A A) 

where 7^ = — Z7 J , 74 = 7 , a M ) being the euclidean VAV potentials. If we perform 
the analytic continuation 1 — ► zd M , then the continued euclidean VAV Dirac's operator 
(A. 4) turns out to be elliptic [18], normal and, if zero modes are absent as we now suppose, 
invertible. As a consequence, its determinant is safely defined to be [18], [19] 



s=0 



(A.5) 



where 



with 



h E = (iVe^ (iV E ) , (A6) 



(iV E ^ = i^^d^ + im + e7 M (v^ + i7sd M ) . (A.7) 



Let us compute the above quantity in the case of homogeneous VAV potentials. We 
have, in momentum space, 

hE = {p 2 + m 2 + e 2 (v 2 + a 2 ) - 2ep^v^} Id 4 - iep^a u {7^, 757^} , (A.8) 

and if we choose d M = (0, 0, 0, a), we come to the result 

h E = {p 2 + m 2 + e 2 (v 2 + a 2 ) - 2ep^} Id 4 - 2iea p °^ ^ . (A. 9) 

It is now easy to obtain 



_ (vol) 4 ^ 

WW- 7r 5/2 r ( s ) X 



y d* t s ~ 3/2 exp j-t m + 2 e a I y dp p 2 exp{-tp 2 } cosh 2t 



7^ 



(A10) 
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If we now come back to the original euclidean axial- vector potential - i.e. a — > —ia - we 
easily find 

feW . ! ^^{^(=) , } I _^{ 1 _ a( ._ a) (=)'} . (AH) 

Let us consider the chiral limit v = ±a = (mrj/2e); we can rewrite the previous 
formula as 



0^) = 4^exp \-sln(™) _1 { 2- (a -2)^ }> (A12) 



8tt 2 ^ | "~\fi) J (s-l)(s-2) 
from which it is easy to read the chiral effective action we were looking for: namely, 

W x = -lndet (zl? x ) ee ± = 0) = !I ^ ± x(v) , (A13) 

with 

X (x) = ^-r ? 2 -(l + r ? 2 )ln(^ 2 . (A14) 

First, we notice that the first two terms in the RHS of the last formula may be ignored, 
as the effective action is always defined up to polynomials of momenta and masses. Second, 
the effective action - in the case of homogeneous chiral potential - turns out to contain only 
quadratic terms in the chiral potential. Thereof, we can see that functional integration over 
massive left coupled spinors leads, in the low momenta regime, to the effective euclidean 
kinetic lagrangean 

£kin(0„0) = \d v 6d v 6 , (A15) 
as we claimed in Sect.l, whose constant LSB value is 

m 4 , / m 



Adnfai/) = ln y~ I ZSB • (A. 16) 
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